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Abstract

Polynomial ranges are commonly used for numerically solving polynomial
systems with interval Newton solvers. Often ranges are computed using the
convex hull property of the tensorial Bernstein basis, which is exponential
size in the number n of variables. In this paper, we consider methods to
compute tight bounds for polynomials in n variables by solving two linear
programming problems over a polytope. We formulate a polytope defined as
the convex hull of the coefficients with respect to the tensorial Bernstein ba-
sis, and we formulate several polytopes based on the Bernstein polynomials
of the domain. These Bernstein polytopes can be defined by a polynomial
number of halfspaces. We give the number of vertices, the number of hy-
perfaces, and the volume of each polytope for n = 1,2, 3,4, and we compare
the computed range widths for random n-variate polynomials for n < 10.
The Bernstein polytope of polynomial size gives only marginally worse range
bounds compared to the range bounds obtained with the tensorial Bernstein
basis of exponential size.
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polynomials, polytopes

1. Introduction

Ranges of polynomials and properties of tensorial Bernstein bases are typ-
ically used for numerically solving polynomial systems with interval Newton
solvers. These solvers require tight ranges of the Newton map N(x) = x —
P(x)P'(m(D))™!, containing multivariate polynomials over an n-dimensional
domain D with center m(D). Popular methods in CAD-CAM for intersecting
Bézier or piecewise algebraic curves and surfaces are examples for them.

We consider the problem of computing a tight range approximation, i.e.,
a constant lower bound and a constant upper bound, of a given multivariate
polynomial p(x), x € D. Further bounding problems, i.e., an affine lower
bound function, have been considered in Garloff et al. (2003) and how to
compute them by linear programming.

In Moore et al. (2009), a branch-and-bound algorithm (Moore-Skelboe al-
gorithm) for an e-exact range is presented. It can use any approximation
[Pmin, Pmax] for the range of the polynomial on a domain D. The time com-
plexity of this algorithm comes from the complexity of subdivisions in R".
Uniform subdivision of D; into N subintervals in each of the n variables re-
quires the evaluation of N" range approximations, where N is chosen based
on the given €. In contrast the branch-and-bound algorithm, explores a node
front in the tree of all the N" leaf nodes. If the node front consists only
of a constant number of leaf nodes then the method requires O(nlogy, N)
range approximations (root-to-leaf-paths have length log, N™). Of course,

problems exist where the branch-and-bound method needs to explore much



larger parts of the tree.

Several authors proposed to use properties of the tensorial Bernstein basis
for computing tight range approximations of polynomials p(x) with x €
[0,1]™. The general case x* € D can be transferred to the case with x € [0, 1]"
by an affine map of the variables zj = D; + xi(D; — D;). Using the affine
map of variables, has the disadvantage that it includes further monomials
into the polynomial. The polynomial is expressed in the tensorial Bernstein
basis, and due to the convex hull property, the smallest coefficient is a lower
bound, and the largest is an upper bound for the range. In Smith (2009), a
recursive method for constructing the coefficients of the tensorial Bernstein
basis by exploiting the fact that the univariate monomials z; and z¢ used in
the construction are monotonous on any interval D; C R=% or D; C R=%. For
the case of an arbitrary domain D with point 0 in the interior, the domain D
must be subdivided to make 0 a vertex and compute range approximations
then for the 2" sub-domains with significant speed-up using the method from
Smith (2009). Similar optimizations concerning monotonicity of terms have
been considered by Araya et al. (2009).

In this article, we analyze enclosures of the monomials of the canonical
basis on an arbitrary domain D into a polytope. A polytope is a bounded,
convex set containing the feasible points for a linear programming problem.
It can be defined by the list of its halfspaces, or by the list of its vertices, see
Avis (2000). These polytopes based on the Bernstein polynomials serve for
computing the lower bound or the upper bound of a multivariate polynomial
by linear programming. As far as we know, it is the first article, which

discusses polytopes related to Bernstein polynomials. Polytopes related to



Chebyshev polynomials have been introduced in Beaumont (1999).

1.1. Notation

Concerning notation, we use multi-indices a = (aq,...,a,) € Z" and
componentwise comparisons a < d iff a; < d; for all i. We denote by |a| the
sum ) . a; of indices. For x = (21,...,2,) and D = ®,D;, D; € IR, x* =
it - xfr and D* = D' --- D¢, A similar notation also applies to Bernstein
polynomials introduced in Section 3.2, BLY (x) = B(S‘fl)(xl) e Bgﬁ")(xn).
Furthermore, a/d = (a1/dy, ..., a,/d,) and suppg(a) = {i : 0 < a;, a; < d;}.
We use D for the lower bound of an interval D and D for the upper bound.
We denote by w(D) the width max;<;<,(D; — D;), and by m(D) the center
(1/2(D; + D;))i=1, . of the interval D.

1.2. Degree Reduction

We consider polytope-based bounds for non-linear functions of degree 2
and degree 3 in this article. Large classes of geometric constraint systems
are quadratic. At the expense of increasing the dimension of the problem,
it is possible to reduce the degree. We call reduction to total degree-2 bina-
rization. Binarization can be defined inductively: The binarization of a term
T1...2718 T1.; = X223 and of a term z1x9 1S 212 = x122. This reduction
generates at most n— 1 additional variables and 4(n—1) additional equalities
per term.

We call reduction to total degree-3 ternarization. Both problems of bina-
rization and ternarization with a minimum number of variables are instances
of the Ezact Cover problem in Garey and Johnson (1979). For ternariza-

") of the variables

tion, the covering sets are all three-element subsets (3



{z1,...,2,}. A greedy approach for this problem would be to count the

n

. B 1 1
3) subsets in the monomials x* ... ,x* to be cov-

occurrences of all these (
ered. Always the subset {z;,, x;,, z;;} of maximum count is defined as a new
variable x;, ;, s = i, i, T;, and replaced in the monomials. After each re-
placement n’ :=n+1, (7;,) new 3-element subsets are added, but the number

of non-zero counts are bounded by the number of initial monomials. Finally,

remaining two-element subsets of the variables {z1,...,z,} are covered.

1.8. Paper Organization

The paper is organized as follows. Section 2 introduces the reader to the
theoretical complexity of range computation. In Section 3, we review the
previous work on tight range approximation (Section 3.1), and Section 3.2
presents the tensorial Bernstein basis with its convex hull property. Section
4 uses the convex hull of the control points of total degree 2 in the canonical
basis. All these polytopes have an exponential complexity in terms of n: both
their number of vertices and their number of hyperfaces is at least exponen-
tial in the number n of variables. Section 5 presents all possible polytopes
based on the Bernstein polynomials and examines several examples with a
polynomial number of halfspaces. Using linear programming in polynomial
time, these polytopes permit to compute tight ranges of polynomials, which
are better than the ones provided by interval analysis. We show polytope
projections in Section 6, which are significantly different, and we compare

the ranges obtained by linear programming in Section 7.



2. Complexity of Exact Range Computation

According to a theorem by Gaganov (1985), computing an e-accurate
range of a polynomial is NP-hard. A consequence is that there is no geometric
basis for quadratic polynomials providing tight ranges: By definition, the
polynomials of such a geometric basis are non-negative for x € [0,1]", and
their sum equals 1 for any x. We sketch how to derive a geometric basis from

a simplex enclosing the patch
Qn = (1, .., Tp, T3, X2, 21T, . Ty 1 T,), X € [0,1] (1)

Assume the smallest simplex enclosing @,, is known. Then the minimum and
maximum coefficient of a quadratic polynomial in the basis derived from this
smallest simplex gives a range of the polynomial. Moreover, this method
is polynomial time since there are only O(n?) coefficients to compute. The
obtained range can not be tight, because it would contradict Gaganov’s the-
orem, which establishes the NP-hardness of computing an e-accurate range
of a polynomial.

In terms of computational complexity, it has been shown that linear pro-
gramming is weakly polynomial time (Schrijver (1986)). Weakly polynomial
time refers to problems and algorithms which perform a polynomial number
of operations in the unit-cost model of computation (similar to floating point
computation with fixed length). Kamarkar was the first to propose a weakly
polynomial time algorithm for linear programming (ellipsoid method Schri-
jver (1986)). In practice, interior-point methods and simplex methods are
polynomial time. In special cases shown by Klee-Minty, the number of itera-

tions can be exponential for both kinds of methods, and we refer the reader to



Deza et al. (2008). Under the arithmetic model of computation over the inte-
gers, a strongly polynomial-time algorithm is currently not known. Strongly
polynomial time refers to algorithms which perform a number of operations
bounded by a polynomial in the number of integers in the input, and the

used space is bounded by a polynomial in the length of integers in the input.

3. Algorithms for Range Computation

3.1. Interval Extensions

The range interval p(D) of a function p : R* — R on a domain D € IR"
is the minimal interval p(D) € IR, which contains p(x) for all x € D. An
interval function [p] : IR" — IR is called an inclusion function or interval
extension of a function p : R™ — R if p(D) C [p|(D).

The simplest one is the natural inclusion function [plnagural, Wwhich can be
defined inductively by the interval evaluation of an expression defining p(x).
We assume that p(x) is given in the canonical basis

Plnatural(P) = Z Ca D*
a<d

The centered inclusion function [p|mean 1S given by
[plmean (D) := p(m)+[p'](D)-(D—m(D)) with the domain center m(D) € D

This function uses an inclusion function [p/] for the gradient function p'.
Note that for a quadratic polynomial p, the gradient function p’ is linear,
and [p'](D) encloses the gradient range tightly. In Moore et al. (2009), it is
shown that the natural inclusion function is w([p],4tyral(P)) € O(w(D)) for

any Lipschitz-continuous function p, i.e., it approximates the range to the
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first order. The centered inclusion function is w([p|mean(D)) € O(w?(D)),

i.e., it approximates the range to the second order.

3.2. Bernstein Basis Representation

The d+ 1 Bernstein polynomials Bi(d), 1=20,...,d, of degree d are a basis
for univariate polynomials of degree d

B (x) = (4) 2'(1— )"

1

In the following, we denote the Bernstein polynomials of degree 2 by B(()Q) (x) €
[0, 1], B®(z) € [0,1/2], B (z) € [0,1] for x € [0,1]. If the degree super-
script is omitted, we assume degree 2 in this article. Note that the Bernstein

polynomials can also be defined on an arbitrary interval D different from

0, 1].

Univariate Bernstein Representation. The conversion with the canonical ba-

sis (20, 21, ..., 2%) is a linear map. Classical identities are according to Farin

(2002)
-1.d .
- ( ) > ( )it
d
1
d
= Z BZ.(d) (x) i.e., their sum equals 1.

However, Farouki (1991) shows that the conversion matrix with the canonical
basis has large condition number for high degrees. Therefore the conversion
should be used with caution. Note that the explicit conversion is not neces-

sary in this article.



Definition 1. For each univariate polynomial p(x) of degree d, there exists
an univariate Bernstein representation, i.e., coefficients p; € R so that

plx) =, pi BZ-(d)(x) is a linear combination of the Bernstein basis functions.

Properties of Bernstein Polynomials. The Bernstein polynomials form a par-
(d)

tition of unity, and every B;"(z) is non-negative for x € [0,1]. These prop-
erties imply that for z € [0, 1], p(z) = >, p; Bi(d) (x) is a convex combination
of the coefficients p;. For a polynomial p(x) over x € [0, 1], its value p(x)
lies in the convex hull of the control points p; € R, which is just the interval
[min p;, max p;| and this enclosure is tight. The stability of operations with
polynomials in the Bernstein representation is analyzed in Farouki and Rajan
(1987).

Since z =0 - Béd)(m) +1/d- B%d)(x) +2/d- Béd)(x) +...d/d- Bfld)(x), the
function graph (z,y = p(z) =D, p; B,L-(d) (x)) for x € [0,1], lies in the convex
hull of its control points (i/d, p;) € R.

For i = 1,...,d — 1, the maximum of BZ-(d)($) occurs at © = i/d and
equals Bi(d)(i /d). Later in this article, the non-negativity and the maximum

property are used to generate halfspaces of the polytopes.

Multivariate Bernstein Representation. For multivariate polynomials, a Bern-
stein basis can be constructed using the tensorial product (TBB) of univari-

ate Bernstein basis functions
d d d d
(B (z1), ..., B(z1)) x ... x (B(z,),..., B (x,))

Definition 2. For each multivariate polynomial p of mazximum degree d,

there exists a multivariate Bernstein representation, i.e., coefficients



0 <pa € R, a<d such that p(x) = >, .4 Pa BY (x) is a linear combination

of the Bernstein basis functions.

The convex hull property, i.e., (x,p(x)) € conv(§,pa), extends to the
TBB, which provides tight enclosures of a multivariate polynomial p(x) =
Y 0<a<d Pa Ba(x) for x € [0,1]" Garloff and Smith (2001). Bounds for the
pointwise distance of a function p(x) to the piecewise linear Bézier control

mesh M (p, D)(x) have been shown in Dahmen (1986)

Ip(x) — M(p,D)(x)| < max |5i5jp(x)|w(D)2

x€D,1<4,5<n

which means it approximates the range to the second order: It exist two

points x,y € D such that

w(M(p, D)(D)) = M(p,D)(D)— M(p, D)(D) = M(p,D)(y) — M(p, D)(x)
< |M(p,D)(y) — p(y)| + [p(y) — p(x)| + |p(x) — M (p, D)(x)|

< 2maxyepi<ij<n [0:0;p(x)] - w(D)?

+ maxXyep,1<i<n |5z‘p(X)| + IMaXxeD 1<i,j<n |5i5jp(x)| ) w(D)2

Degree of Multivariate Polynomial.

Definition 3. Let p(x) = >, _qPa X* be a multivariate polynomial in x =
(x1...,2). If a; < d for all a with py # 0, we say the multivariate poly-
nomial p has maximum degree d. We call the space of these polynomials
ND[zy,... 2,]. In case pa, = 0 for all a, |a| > d, we say the multivariate
polynomial p has total degree d. We call the space of these polynomials

aDlxy, ... 2,

Note that the vector space 7(¥[x1, . .., z,] has dimension (n+1)? € ©(n?).

But the smallest polynomial space with a TBB, containing it, is the space
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@[z, ..., 2,]. Unfortunately, this space (and the tensorial Bernstein basis)
has dimension ©((d+1)"), which is exponential in the number n of unknowns,
even for linear systems (d = 1). This is not a problem when n is small,
e.g., when computing the intersection of three surfaces in 3-space, but the
exponential size is problematic with a large number n of variables e.g., when

computing the coordinates of points with specified distances.

4. Polytope with Exponential Number of Non-Negative Variables

As stated in Section 3.2, the range of p(x), x € D is given by the convex
hull of the coefficients in the TBB representation. This method is classical
and used for example in Garloff and Smith (2001); Martin et al. (2002);
Sherbrooke and Patrikalakis (1993).

The method computes all coefficients p,, 0 < a < d of the polynomial p
in the TBB. The minimum coefficient p, is a lower bound, and the maximum
coefficient p, is an upper bound for p(x), x € D.

Using the linearity of the Bézier form, the coefficients of a polynomial
p € 7z1,...,2,] can be obtained from the coefficients of the monomials

in (,. For each monomial z;, 2

7, and iz (1 <4 < j < n), we have a
component x;, x;;, and x;; storing the coefficient of the corresponding Bézier
basis function. The control points of the univariate monomial z; are 0, 1/2,
and 1; and for the multivariate monomial z?, 0 for z; = 0 and z; = 1/2, and
1 for z; = 1. Figure 1 shows the control points for the parabola (x;, z;; = x?).
The multivariate monomial z;x; can be represented as the tensor product of

three line segments. Figure 1 shows the nine control points of the surface

patch (z;,x;, z;x;).
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Figure 1: Left: Control points of the curve (x;,z;; = z2). Right: Control points of the

patch (z;, 2, x5 = x;25).

Ezxample. For n = 2, the 32 control points p; are

1 T2 T T2 T12
b, | O 0 0 0 0
by| 0 1/2 0 0 0
bs| 0 1 0 1 0
by [1/2 0 0 O 0
bs|[1/2 1/2 0 0 1/4
bg|1/2 1 0 1 1/2
by | 1 0 1 0 0
bg| 1 1/2 1 0 1/2
by | 1 1 1 1 1

Definition 4. The polytope Qg) is defined as the convex hull of the 3™ control

12



points b;, i.e., the set of points Zf’; Aib; subject to A\; > 0 and Zf’; A= 1.

We computed properties of the polytopes Qg) for n < 4 with the method
Irs (Avis (2000)).

n=
1 2 3 4
nb. coordinates | 3 6 10 15
nb. vertices 3 9=3%2 27=3° 81 =31
nb. hyperfaces 3 18 173 46068
volume i % I TIaTem
0.25 1.0416e-2 7.285e-5  8.098¢-8

For the range of
p(x) = Z a;x; + Z bijxir; + Z cix; +d,
i {(.g)li<s} i
we determine the vertex of the polytope Qg), which minimizes, and respec-
tively maximizes, the corresponding linear objective function
Z Q; Ti; + Z bijmij + Z C;T; + d
i {(.g)li<s} i

with variables A;, (z1,...,%n, T11,. .- Tpns T12, - -+, Tne1) = Zf’; A;b; and

constraints 0 < \;, Zf’; A= 1.

5. Bernstein Polytopes

In this section, we consider the definition of polytopes by halfspaces de-

rived from the Bernstein basis functions. For the multivariate monomial

(@12 ,di) xgdl)xéda) N ‘xl(gdk) (2)

13



the following inequalities of polynomials in II'¥ [z, . . ., z;] are valid for x € D

0< B (xy)...BI™ (2) (3)
B (w1) ... B (2) < B9(ay/dy)... B (ay/dy) (4)

forall0<a<d

Note that the right-hand side is the product of the maxima of the Bernstein
functions. A new variable can be associated to each monomial of the tensorial

canonical basis, and (3) and (4) provide two halfspaces for each a < d.

Ezample. Polytopes with k = 1, d; = 2 and k = 2, |d| = 2 can be used for
72[x1,...,2,]. The monomials are 22 and x1x9, of which there is a number

of n and (Z)

Definition 5. The polytope resulting from k = 1, di = 2, and k = 2,
dy = dy = 1 in inequality (3) is denoted by 228 (Fuenfzig et al. (2009)). The
polytope resulting from k =1, dy = 2, and k = 2, di = dy = 1 in inequalities
(3) and (4) is denoted by P,

The number of inequalities is 2 - 2% and 2 - 3. The polytope in (z;, z;) for
k=1, |d| = 2 is a triangle, shown in Figure 2. The polytope in (z;, z;, ;;)
for k = 2, |d| = 2 is a tetrahedron, shown in Figure 3. This tetrahedron is

the minimal convex set containing (x;, z;, z;z;).

Ezample. Similarly, polytopes with &k = 1, d; = 3 and k = 2, |d| = 3, and

k=3,d;, =dy=ds3=1 can be used for m[zy,...,z,].

Definition 6. The polytope resulting from k =1, d; = 3 and k =2, |d| = 3,
and k = 3, di = dy = d3 = 1 in inequality (3) is denoted by P The

14



r -y >0

122 +y >0

0 y>0 x=10 =1

Figure 2: Left: The Bernstein polytope encloses the curve (z,y = 2?) for (z,y) € [0,1]2. Its
bounding halfspaces are By(r) = (1—z)% = y—2z+1 > 0, By (z) = 2z(1—2) = 22—2y > 0,
Bs(z) = 2 = y > 0. Right: A fourth constraint (z —1/2)? = 22 — 2 +1/4 > 0 —
r—y<1/4.

polytope resulting from k = 1, dy = 3 and k = 2, |d| = 3, and k = 3,
dy = dy = d3 = 1 in inequalities (3) and (4) is denoted by i,

The monomials are 23, z2xs, x123 and z,x573, of which there is a number
of n, (g), and (’;), respectively. The number of inequalities is 2 -4, 4 -3 - 2,
and 2 - 23, The polytope in (z,y = 22,z = 2°) for k = 1, d; = 3 is again a

tetrahedron, shown in Figure 4.

Ezample. Polytope with k = n, d = {2}". The only monomial is x¢. The
number of inequalities is 2 - 3", and the number of variables is 3": x*, a <

(dy,...,dy). For a factor x® € w![xy, ..., z,] of x4, its representation in the

15
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l—z2—-y+22>0

y\

Tr— 2z 2

z>0

Figure 3: The Bernstein polytope enclosing the surface patch (z,y,z = zy). Then the

inequalities of bounding halfspaces are linearizations of B(l)(a:)Bj(-l)(y) >0 withi=0,1,

j=0,1: BS'(@)BP(y) = (1 —2)(1-y)=1-a—y+2>0, BV (@)B"(y) =y -2 >0,
Bil)(x)B(()l)(y) =z —22>0,and B%l)(x)Bgl)(y) =z2>0.

TBB is

X = Zogbge by B (x) - H{i:bi:()} Bgi () +... + Bjj (:)

where B& (x;) + ... + Bfil(xl) =1.
If we substitute the polynomial Bg(x) by a variable Bg := max, Bg(x) =
[[; max Bgl;' (7;) giving its maximum value, then it is B¢ > BY for e with
suppg(e) C suppg(a). Because of this property, the inequalities with respect
to x9 are sharper than the ones for a factor x°. In consequence, the polytope
fo) is contained in the polytope PR

For small n < 4, the method Irs can explicitly compute a vertex repre-
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Figure 4: The Bernstein polytope, a tetrahedron, enclosing the curve (z,y = 22,z = 23)
with « € [0,1]. Its vertices are vg = (0,0,0), v; = (1/3,0,0), v3 = (2/3,1/3,0) and vs =
(1,1,1). v lieson By = By = B3 = 0, v1 on By = By = B3 = 0, etc. Bo(z) = (1—2)3 >0
= 1-3z+3y—22>0, By(z) =3z(1-2)?> > 0= 32— 6y+32z > 0, By(x) = 32%(1—z) > 0
=3y —32>0, B3(x) =2 >0 =32 >0.
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sentation and the properties of the Bernstein polytope 737(12), P’ S), and P” ,(12)
(with inequalities (3) and (z; — 2;)* = 27 — 2z2; + 25 > 0, @ < j). The
following table gives the projective dimension (i.e., the number of homo-
geneous coordinates, subtract one for the affine dimension), the number of
hyperfaces, the number of vertices, and the volume. An entry ”7?” denotes

that the computation was stopped after considerable time.

18



1 2 3 4
Pi
nb. coordinates 3 6 10 15
nb. hyperfaces 3 10 21 36
nb. vertices 3 14 116 1688
volume i % ﬁ ?
0.25 0.016  0.000372
P
nb. coordinates 3 6 10 15
nb. hyperfaces 4 12 24 40
nb. vertices 4 28 464 17744
volume 13—6 ﬁ % ?
0.1875 0.0083  0.000113
P
nb. coordinates 3 6 10 15
nb. hyperfaces 4 13 27 46
nb. vertices 4 26 925 42307
volume & T ? ?
0.1875 0.007096
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6. Polytope Projections

To illustrate the polytope definitions, we show projections of the poly-
topes for |d| = 2, n = 2 on a plane, where they are significantly different.
In Figure 5, the polytope Q(QQ) corresponding to the tensorial Bernstein ba-
sis is the smallest. Subtle differences to the polytope 7352) result from the
additional inequalities in P'$” and P"§?.

Furthermore, it is possible to compute range bounds for a multivariate
polynomial p by interval inclusion functions, introduced in Section 3.1. A
polytope representation of the quadratic patch @, using the natural inclu-
sion function is given by the boxes z; € [0,1], 27 € [0,1] and z;z; € [0,1]
for x;,z; € [0,1]. We denote the polytope resulting from the variable inter-
vals by N. The natural inclusion function has also been used in Yamamura
and Fujioka (2003) for solving nonlinear equations using the dual simplex
method. Similarly, a polytope representation of the quadratic patch @, us-
ing the centered inclusion function is given by the boxes z; € [0,1], 2? €
1 +2[0,1][-2, 3] = [-0.75,1.25] and z;z; € L +2[0,1][—3, 1] = [-0.75, 1.25)
for x;,z; € [0,1]. We denote the polytope resulting from the variable inter-
vals by C. Figure 5 shows the polytopes resulting from interval arithmetic in
the last row. In comparison, these are the largest.

In Figure 6, we show the range bounds computed for an example in the
bivariate case n = 2. The polynomial p(z,y) = (1 -2 —y —ay)? — 2 =
2?2 +y? — 22 — 2y + 2%y + 2y + 2%y? — 1 can be written of total degree-2 as
py = =20 — 2y +a° + 2wz +y* + 221y + 2§ — 1, 2; = zy and of total degree-3
as p3 = —2x — 2y + 22 + 221 + y? + 22y® + 21y — 1, 21 = 2%y. The exact
range is [—2,2]. On the polytopes PS> gives the range bound [—3,2]. P
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[r2 [2

Figure 5: Projection of the polytopes Qg), 732(2), P’éz), P”é2), C, and N (left to right and
top to bottom) for n = 2, N = 5 on the plane given by the directions (-2, —2,1,1,2)/v14
and (—1, %,0,0,0)/\/;
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on py gives the range bound [—2.6,2], and 732(3) on p3 gives the range bound
[—3,3]. The two inclusion functions using interval arithmetic give the range

bounds [—6, 5] and [—4.0625, 2.0625] respectively.

P(X,Y)=X 24y 24X 2y "2 -2X-2y +X 2y+xy”2 -1

= N SO CERN N

Figure 6: Range approximations for polynomial p(z,y) = (1 -2 —y — ay)? — 2 = 22 +
y? — 2z — 2y + 2%y + 2y® + 2%y? — 1, 2,y € [0,1]. The exact range is [—2,2].

7. Comparison of Range Bounds

We measure the average width of the ranges of 100 random polynomials
of total degree-2 by linear programming on each of the polytopes and by
interval arithmetic.

As random polynomials, we consider two classes of polynomials. For
general polynomials p(x) = >, a;x7 + D (i<t DTy + D0 cimi + d, we
choose all coefficients a;, b;;, ¢;, d equally random distributed in the interval

[—100, 100]. Note that polynomials encountered in practice are sparse, i.e.,
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most of the ©(n?) coefficients are zero.

In interval Newton solvers, preconditioning yields to special polynomials
for the Newton map N(x) = x — P(x)(P'(m))~'. At the domain center
m; = 1/2, i = 1,...,n, all derivatives of the polynomials in N(x) vanish.
In this class of polynomials p(x) = >3, ai(w; — 1/2) + 30 ey big (@i —
1/2)(z; — 1/2) + >, ci(x; — 1/2) + d, we choose coefficients a;, b;;, ¢;, d
equally random distributed in the interval [—100, 100].

Figures 7 and 8 for degree d = 2 (quadratic), and Figure 9 and Figure 10
for degree |d| = 3 (cubic) give the average width of the polynomial ranges
with its standard deviation as a function of the number n of variables. For
small n and |d| = 2, the differences between the range widths of all methods
are small. For large n, the range widths provided by the Bernstein polytope
P,, or one of its variants are significantly better than the ones provided by
interval inclusion functions on the domain. For higher degree |d| = 3, the
interval inclusion functions on the domain [0,1]" already have significant
over-estimation but are fast to compute by evaluation of the polynomial. In
comparison to the minimum/maximum-bounds with the TBB polytope, the
range widths provided by the Bernstein polytopes are only slightly larger
(15% for n = 10).

In the Bernstein polytope 73’22) (Figure 2, right), the widths’ improve-
ments are not large, the average widths for n = 10 decreased by 6% only.
The running times are also very similar. The runtime of linear programming
by the simplex algorithm on the polytopes is difficult to state precisely, as it

depends on the number of inequalities and the start basis.
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Range Widths for random, generic polynomials
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Figure 7: Statistics of range widths for random, quadratic polynomials (average widths

with its standard deviation).

Range Widths for random, zero center-derivative polynomials
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Figure 8: Statistics of range widths for random, quadratic polynomials with zero center-

derivatives (average widths with its standard deviation).
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Range Widths for random, generic polynomials
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Figure 9: Statistics of range widths for random, cubic polynomials (average widths with

its standard deviation).

Range Widths for random, zero center-derivative polynomials
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Figure 10: Statistics of range widths for random, cubic polynomials with zero center-

derivatives (average widths with its standard deviation).
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8. Conclusion

In this paper, we presented polytopes defined by halfspaces based on the
Bernstein basis functions for range bound computation of polynomials. We
also included a polytope, defined by the coefficients of the TBB, which has
an exponential number of vertices in the number n of variables. For the
Bernstein polytopes, we looked in detail at the case of total degree-2 and
total degree-3 with a polynomial number of hyperfaces (in the number n of
variables). We computed the number of vertices, the number of hyperfaces,
and the volume of all polytopes as far as possible for small n. An empirical
comparison of the average range widths for random polynomials computed
using these polytopes shows that these polynomial-size Bernstein polytopes
provide only slightly worse bounds for n < 10. Although this difference
will increase with even larger n, the method using the Bernstein polytope
is the only one with acceptable runtime for range computation in practice.
For using the polytopes in practice, a linear program solver using a simplex

method or an interior-point method is required.
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